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Abstract 

The algebraic structures related with integrable structure of superconformal field 
theory (SCFT) are introduced. The SOFT counterparts of Baxter's Q-operator are 
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1 Introduction 



During last decade tlie integrable structures associated with conformal field 
theory (CFT) and its extension were studied [l]-[5]. The main problem 
to which these papers were addressed is the simultaneous diagonalization of 
the corresponding infinite family of the integrals of motion (IM). The method 
used for this purpose is the continuous version of the Quantum Inverse Scatter- 
ing Method (QISM) [6]. The most successful results were obtained by means 
of the generalization of the Baxter's Q-operator relation [7]. In this paper 
we will follow this way constructing the Q-operator for analysis of the inte- 
grable structure arising in the superconformal field theory (SCFT). This CFT 
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includes both usual left and right components of the energy-momentum ten- 
sor T{u), T{u) and spin-| local fields G{u), G{u) where variable m lies on 
a cylinder of circumference 27r. The full symmetry algebra of the theory is 
SCA X SCA {SCA means superconformal algebra). We will concentrate here 
on the left-chiral component- SCA. The boundary conditions are: 

T{u + 2tt) ^T{u), G{u + 2n) = ±G{u) , 

where corresponds to Ramond (R) sector and "-" to Neveu-Schwarz (NS) 
one. The SCA gives possibility to construct two infinite abelian families of 
conserved charges [8], [9], [10] where one is SUSY invariant and the other is 
not. Here we will consider the integrable structure invariant under the super- 
symmetry transformation. In the classical limit the corresponding IM give the 
Hamiltonians of the SUSY A^=l KdV hierarchy [11] based on twisted affine 
Lie superalgebra sZ(2|l)(2) ^ osp(2]2)(2) ^ C(2)(2) [12]. The supertrace of the 
monodromy matrix of the associated L-operator in the 3-dimensional repre- 
sentation of C(2)*^^) (see Appendix 1) is a generating function for the IM. Thus 
it's quantum generalization, the transfer matrix produces the IM of the SCFT. 
We will review some results from part I [10] concerning the construction of 
the quantum counterpart of the monodromy matrix and it's basic properties 
in Sec. 2. Using the super q-oscillator representations of the upper Borel sub- 
algebra of quantum affine superalgebra Gq{2)^'^^ we define the Q-t operators. 
The transfer matrices in different evaluation representations can be expressed 
in such a way: 

2cos(7rP)t,(A) = Q+(g^+3A)Q_(g-^-iA) + Q+{q-'-h)Q4q'+h), 

where s runs over integer and half-integer nonnegative numbers. Q± operators 
satisfy quantum super- Wronskian relation: 

2cos{7rP) = Q+{qh)Q-{q-h) + Q+(g-U)Q_(gU). 

One should note, that we use only 4s -|- 1-dimensional "osp(l|2)-induced" rep- 
resentations (sometimes called atypical) of (7(2)*^^^. It allows, however, to con- 
struct the fusion relations, see below. To construct the Baxter-like relation we 
introduce additional "quarter" -operators, constructed "by hands" from the 
Q-operators: 

2cos(7rP)tk(X) = Q+(g^+3A)Q_(g-t-iA) - Cl+(q-^-h)Q(qi+h) 

4 

for odd integer k. The Baxter's relations are: 

ti(A)Q±(A) = ±Q±{qh) T Q±(g-^A), 

ti(g^A)Q±(A) = ti (?5A)Q±(g-5A) + Q±(gA). 
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The fusion relations have the following form very similar to the A^i^ case [1] : 
t,(giA)t,(g-U) = t^.+ i(A)t,._i(A) + (-1)^^-. 

But these relations are only "fusion-like" because the "quarter" -operators do 
not seem to correspond to any representation of C(2)*^^\ This will be the 
subject of Sec. 3. Finally in sec. 4 we describe the truncation of these relations 
for different values of q, being root of unity 



2 Quantum Monodromy Matrix and its Properties 

In the part I [10] we have explicitly constructed the quantum counterpart of 
the monodromy matrix of the linear problem for the L-operator of the SUSY 
N=l KdV equation. This L-operator has the following exphcit form: 

J^F = Du,e - Dufi^ha - {es-a + Ca), (1) 

where ha-, es-a = ^ao - (^a are the Chevalley generators of C(2)*^^^ (see Appendix 
1), Du,e = de + 6du is a superderivative, the variable u lies on a cylinder of 
circumference 27r, ^ is a Grassmann variable, ^{u,9) — (f){u) — ■^0^{u) is a 
bosonic superfield. The Poisson brackets for the field obtained by means of 
the Drinfeld-Sokolov reduction are: 

{D^,eHu,e),D^,,e'Hu,e')} = D^,e{S{u u')ie 9')) (2) 

and the following boundary conditions are imposed on the components of $: 
(f){u + 27r) = (f){u) + 2mp, ^{u -\- 27r) = ±^(it)- Making a gauge transforma- 
tion of the auxiliary linear problem we obtain a new superfield U{u,6) = 
Du,e^iu,e)du^iu,9) - DIq^u,9) = -9U{u) - ia{u)/^/2, where U and a 
generate the super conformal algebra under the Poisson brackets: 

{U{u), U{v)} = S"'{u -v) + 2U'{u)S{u -v)+ 4U{u)S'{u - v), (3) 
{U (u), a{v)} = 3a{u)6'{u — v) + a'{u)5{u — v), 
{a{u), a{v)} = 26"{u - v) + 2U{u)6{u - v). 

The corresponding infinite series of the integrals of motion [8] : 

4^'^ = ^ / Uiu) du, (4) 
t^ = ^J{u'(u) + a(u)a'(u)/2)du, 
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= J- f (u\u)-{U'f{u)/2-a'{u)a"{u)/4-a'{u)a{u)U{u)) du, 



27r 

allows us to construct integrable evolution equations. For example I2 yields 
the SUSY N=l KdV equation [13]: 

Ut^-U^uu + ^UD^^eU)u (5) 
which has the following form in components: 
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Ut = -Uuuu - QUUu - -aauu (6) 
at = -4:auuu - ^Ua)u. 

These integrals of motion (4) can be extracted from the monodromy matrix 
of the L-operator (1)[10]: 



2-rr 

^ 

It's quantum generalization can be represented in the quantum P-exponent 
form (for the explanation of this notion see below) : 

M = e^'^'^^'^^Pexp^"^ J du{W-(u)ea, + W+(u)ea,). (8) 



Vertex operators W± have the following form W±{u) — J d9 : e^*^"'^^ := 
T^C(m) : e^^W :, where: 



$K^) = 0H--^^e(«) (9) 

n ^ n 

i 2 P'^ 2 

[Q,P] — -/3 , [a„, a^] — — J^f^n+m.O) {^m^m} — P ^n+m,0- 

: e^-^^") := exp ( ± ^ ^^mn^ ( ± ,(g + p«)) exp ( T £ — e"'"")- 



n=l ^ ' ' ^ ^ "1 ^ 



satisfy the following properties: 
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W,,{ui)W,,{u2) = -q''''''W,,{u2)W,,{ui), g = e— , u^>U2 (10) 
PW^{u) = W^{u){P±^) 

These relations gave us possibility to show that the reduced universal R-matrix 
of the quantum affine superalgebra Cq(2)(^) (see Appendix 1) with lower Borel 
subalgebra represented by operators — q)~^ J^l d.uW±{u) have the P- 
exponent multiplication property [10]. Thus we have called it the quantum 
P-exponent: 

l^^''\ui,U2) = Pexp^") j du{W_{u)e^, + W+{u)e^,) (11) 

£(*)(«!, -Ug) = L(^)(mi,M2)L^^H«2,M3), Ml > M2 > ^S- 

The universal R-matrix represented by {q~^ ~q)~^ Sul 'duW±{u) coincide with 
L(^)(xii, ii2) = e^*^'*"iL*^^)(Ki, ^2)- Note, that the monodromy matrix is: 



M = e'^*^'*«iL('?)(27r,0) (12) 

Unlike the cases of quantum (super) algebra (^4^^^)^, (^4^^^),, {A^2^)q, B{0, 1)^^^ 
[l]-[5], [9] this object can't be represented in the usual P-ordered form due 
to the singularities arising from the products of fermion free fields. However 
as in all these cases L*^^)(27r, 0) which we will denote in the following as L to 
simplify the notation satisfy the RTT-relation [6], [14]: 



Rss' (l, (8) i) (i (g) W) = (I (g) (l, (g) i)r,,/, (13) 

where s, s' means that the corresponding object is considered in some repre- 
sentation of Cq{2)^'^\ Thus the supertraces of monodromy matrix ("transfer 
matrices") = sirM^ commute. It is very useful to consider the evaluation 
representations of Cg{2)^'^\ Ps{^), where now symbol s means integer and half- 
integer numbers (see Appendix 1). Denoting ps(A)(M) as ^/[^(A) we find that 
ts(A) = strMs(A) commute: 



[t,(A),t,,(/.)] = (14) 

The expansion of log(ti(A)) in A (the transfer matrix in the fundamental 3- 
dimensional representation) is believed to give us as coefficients the local IM, 
the quantum counterparts of (4): 
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2tt 



hk-i = j duT2k{u), A; = 1,2,... (15) 



T^iu) = T{u), Uu) =: T^u) : : G{u)G'{u) :, ... 

where the densities T2k{u) are differential polynomials of T{u) and G{u) such 
that T2k{u) —: T^{u) : + terms with derivatives. T{u) and G{u) have the 
following representation in terms of free fields (9) (see [15]): 



-P'Tiu) =: cP'^u) : +(1 - f3' /2)cj>"{u) + \ : ii\u) : +^ (16) 



-G(«) = </.'e(«) + (l-/?V2)eV), 



One of the basic features of the IM is that their commutators with certain 
vertex operators reduce to total derivatives [16]: 

[/2.-1, W^{u)\ = 9„(: Ot\u)W^{u) :) = 9„eJV) (17) 

(where 0±\u) is the polynomial of du(l){u), ^(u) and their derivatives). By 
means of this important property one can show (see [5] ) that such integrals 
commute with the transfer matrices: 

[/2/c-i,t.(A)] = 0. (18) 

In our case it is also important to show that the generator of the supersym- 
metry transformation Gq — J^^ G{u)du commutes with t5(A). Really, 

[Co, W^{u)] = ±iV29„ : e±^(") := d^E^u). (19) 

Thus, Go can be included in the family of IM and using again the results of 
[5] it is easy to show that 

[Go,t3(A)] = 0. (20) 



3 The Construction of the Q-operator and the Fusion Relations 

Let's consider evaluation representations Ps(A) of the quantum algebra Cg(2)(^' 
which we have already mentioned in the introduction and in previous section. 
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They are 4s + 1 dimensional where s runs over integer and half-integer num- 
bers. We call these representations "ospg(l|2)-induced" because each triple 
{hai,eai,e-ai} and {hao, e^o, e.^o) form ospq{l\2) superalgebra [17], and 4s + 
1-dimensional representation space is a representation space for each ospq{l\2) 
subalgebra irreducible representation (see Appendix 1). 

We will also use in the following the corresponding reducible infinite-dimen- 
sional representations pj"(A), which look like ospq{l\2) Verma representations 
for the {/in J, e„-^, e_ai} triple. To simplify the notation we denote Ps(A)(L) as 
L,(A) and p+(A)(L) as L+(A). 

In order to construct the Q-operator we introduce the auxiliary object, the 
super q-oscillator algebra [18] with the following commutation relations: 

[H, £±] = ±£±, qh+e_ + q~h_e+ = ^TT^" ^^-^^ 

Using these relations it is possible to build realization for the upper Borel 
subalgebra 6+ generated by {hai,hao, Cai, eaj: 

X±(A) : e«i A£±, e^o =FA£=p, ha^, = -hao ^ (22) 

and we denote X±(A)(L) as L-|-(A). Next, following [2] we define two operators 
which do not depend on representation of oscillator algebra but depend on 
(and completely determined by) the commutation relations and cyclic property 
of the supertrace: 

A±(A) = Z^i(P)str^^(,)(e±'^^^^L±(A)), (23) 
where 

Zi^(P) = str,,(,)(e±2'^^^^) (24) 

Multiplying two A operators we arrive to such a result (see Appendix 2): 

A+{q'+h)A_{q-'-h) = 2cos(7rP)e-^'^'-^(^+^)t+(A), (25) 

where t+(A) is the supertrace of the monodromy matrix in pj'(A) representa- 
tion. Defining then the Q-operators: 

Q±(A) - A^I^A±(A) (26) 

we find that the expression (25) can be written in such a form: 

Q+{q'+h)Q-{q-'-h) = 2cos(7rP)t+(A). (27) 
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Now let's recall that t+(A) corresponds to infinite-dimensional representa- 
tion p+. In order to obtain the transfer matrix corresponding to the finite- 
dimensional representation ps one should consider factor-representation 
pt I _i = Ps) (see Appendix 1). Thus one obtains: 

^ 2 

t+(A)+t+ i(A)=t,(A). (28) 



Sign + in this formula appears because of taking a supertrace. Really, _\ 

* 2 

subrepresentation in p+ representation space has a highest weight vector which 
is odd (though our convention is that highest weight vector in p^ represen- 
tation is even (see Appendix 1)). That's why we have sign -|- instead of the 
usual -. 

Rewriting (28) in terms of the Q± operators we find: 
2cos(7rP)t,(A) = Q+(?^+h)Q_(?-"-iA) + Q+(?-"-iA)Q_(?^+h). (29) 



Considering the case of 1-dimensional representation of Cq{2)'^^^ (s = 0) we 
obtain a quantum super- Wronskian (qsW) relation: 

2cos(7rP) = Q+(g2A)Q_(g-2A) + Q+(g-^A)Q_(g2A). (30) 



In order to construct the Baxter type relation [7] we introduce the auxiliary 
"quarter" operators: 

2cos(7rP)t.(A) = (31) 

4 

Q+(?i+iA)Q_(g-t-iA) - Q+(g-t-iA)Q_(gt+iA) 

for odd integer k. Let's consider the ti(A) operator and multiply it on Q±(A) 
operators. Using (30) one can get the following relation of Baxter type, which 
is similar to that one obtained in ^4^^-' case [2] : 

ti (A)Q±(A) = ±Q±(gU) T Q±(g-U). (32) 



The main difference is that unlike the A\ ' case we are not seeking for the 
eigenvalues of ti(A) operator but we are interested in the operator corre- 

4 

spending to the 3-dimensional representation, ti(A), because we know that 
it is a generating function of the local IM [10]. Thus we are looking for the 
relation of Baxter type which includes this operator. 

In order to do this we need to proceed through some additional steps. First, 
let's unify the expressions (29), (31): 
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2cos(7rP)t,(A) = Q+(g^+5A)Q_(g-"-5A) - (33) 
(-l)^^+iQ+(g— iA)Q_(g^+U), 

where seZ/4,s>0. Using the qsW relation it is not hard to obtain the 
expressions for ts(A) operators only in terms of Q+(A) or Q_(A): 

t.(A) = Q±(5^+iA)Q±(g— iA) ^ ^ ^ ^ , . ^ (34) 

For example for ti(A) we obtain the "triple relation": 



^.^y Q±(g-^A) Q±(giA)Q^(g-lA) ^ Q^(gtA) 
^ Q±(g3A) Q±(g3A)Q±(g-3A) Q±(g-3A) 

Due to the unifying relation (33) and using again (30) we find the fusion 
relations: 



tjiqh)t,{q-h) = Vi(A)Vi(A) + (-1)^^ j = 0, i i 1, ... (36) 

However, as we already mentioned in the introduction these relations arc differ- 
ent from fusion relations obtained for (super) algebras A^i \ Ag^"*, ^2^^ -8(0, 1)*-"^^ 
(see [1],[4],[5],[9]) in the sense that in all these cases operators present in the 
fusion relation correspond to the representations of the associated algebras. 
In our case we see that artificially constructed auxiliary quarter operators do 
not correspond to any representation of Cq{2)^'^\ 

Let's write the fusion relations for s = ^ with A multiplied on q^: 



ti(g4A) =ti(g2A)ti(A) + l. (37) 
Multiplying both sides on Q±(A) we obtain second relation of Baxter type: 

Q,(,A)Tt.(gU)Q,(,-iA) =t.(,iA)Q,(A). (38) 
4 Truncation of the Fusion Relations 



Though the Baxter Q-operator method is very powerful there exists another 
approach which is useful for rational values of the central charge [1], it is 
the SCFT counterpart of Baxter's commuting transfer matrix method. In this 
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section we will show that when q is the root of unity the system of fusion 
relations becomes finite. So, let's put — ±1, N e N > 0. Then 



2cos{7rP)tN_i_^(Xq^) = (39) 
Q+(g^-^^A)Q_(gi+^A) - (-l)^^+^Q+(gi+^A)Q_(g^-^^A). 



Here s e Z/4, s < f - |. Note also that 



Q±(g^A)=e±-^^Q±(A). (40) 
With the use of such a transform one obtains: 

2cos(7rP)t^_i_,(AgT) = (41) 
e'^^^^Q+(g-i-^A)Q_(g^+^A) - (-l)^^+^e-'^^^^Q+(g^+^A)Q_(g-^-^A). 
RecaUing the formula (29) for we arrive to the following expression: 

t^_i_,(AgT) + (-l)4^+ie"^^t,(A) = (42) 

For example for s = we obtain: 

t^_i (AgT) _ e-^^ = _i^^Q4^4A)Q_(g-4A). (43) 

Using the basic formula (29) and property (40) tiv_i(A) and for tjv(A) one 
arrives to the following relations: 



t^-i(A) = , ^^^'(^-^) Q^(gfA)Q_(gfA), (44) 
2 4 cos[7rF) 



t.(A,f ) - = z^^^^^Q4?^A)Q_(,-U). (45) 

Comparing (45) and (43) we obtain the following simple formula: 

tiv(A) + tiv_i(A) = 2cos(7rNP). (46) 
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In the case when p — where I >0, I e Z there exist additional number of 
truncations: 



t^_i(A) = 0, t.(A) = t._.(A) = (-iy+\ (47) 

The relation (46) allows us to to rewrite the fusion relation system in the 
Thermodynamic Bethe Ansatz Equations [19] of D^/ type as in A^^^ case [20]: 



Ysio + -Y)^s{e - ^) = (1 + + n-i W), (48) 

1 N' 3 

Y^_,{e + -^)Y^_,{e - ^) = (1 + Y^_sm 

2 Z 2 Z 22 

(1 + e^^^^F(^))(l + e-'^'^^Yie)), 
with the use of identification: 



>^2.(^) = Wi(A)^,_l(A)(-l)^^ Y{e) = -t._.{X), (49) 

t^ = —\-, A = e^, N'^2N, 
2 1 + 2^' 

where we have denoted is (A) the eigenvalue of t5(A). 



5 Discussion 



In this paper wc studied algebraic relations arising from integrable structure 
of CFT provided by the SUSY A^=l KdV hierarchy. As it was already men- 
tioned in [2], [3], [5] the construction of the Q-operator as a "transfer" -matrix 
corresponding to the infinite-dimensional q-oscillator representation could be 
also applied to the lattice models. The relations like Baxter's and fusion ones 
will be also valid in the lattice case because they depend only on the decom- 
position properties of the representations. 

The use of supersymmetry in the considered model is that the hmit of 
log(ti^'^)(A) when A — > oo is very simple due to the expansion [10]: 
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log(tr\A)) = -Ecn4nilA-^"+^ 



A 



oo 



(50) 



where Ci 



for n > 1 and are the integrals of motion of 



2"n! 'i- ^ j- c*ij.^ -'2n- 

the SUSY A^=l KdV. Thus hniA^oo log(t^i^'^(A)) = 0. We hope that such a nice 

2 

result remains valid in the quantum case. Maybe this conjecture will give us 
possibility to simplify the study of the analytic properties of the eigenvalues of 
t, Q operators and therefore the corresponding integral equations of Destri-de 
Vega type [2], [5]. We will consider these questions in the third part of our 
manuscript [22] . It will be interesting to consider the obtained TBA equations 
(48) in the context of the perturbed minimal models as it was done in [20] . 

In the following we also plan to study the quantization oi N > 1 SUSY 
KdV hierarchies, related with super- W conformal/topological integrable field 
theories. 
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Appendix 1 



The superalgebra C(2) has six Chevalley generators: hi, /i2, ei^, (ei^, 62^ 
are odd) with the following commutation relations: 



[h, M = 0, [hi, 62^] = ±62^, [h2, ei±] = ±ei±, 
adl^±e2^ = 0, adl^±ei^ = 0, 

K,ea^] = (a = 1,2), [ef,^,ef,,^]=6f,,f,,hp {/3, /3' = 1,2), 



(51) 



The fundamental 3-dimensional representation is: 



1 





^ 0^ 



1 




, hi = 



1 







, (52) 
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1 






-1 









-1 








-1 



The following correspondence: 



-'ai 



■'ao 



X{et + et), e_, 



A(ei +62), /lai ^hi + h2, 
X{-et + et), hao -hi - /i2 



(53) 



give the evaluation representation (we will consider representations only of 
this type) for the (7(2)^^^ twisted Kac-Moody superalgebra with Chevalley 
generators /iao,i> e±ai, e±ao- 



[hai, e±aj = ±e±ai, [e±ai, e^aj] = Sijhai, = 0, 1), 

adl e±ai = 0, ad^^_ e±ao = 



(54) 



This superalgebra has a usual quantum generalization C{2)^^ [21]: 



[hai,e±ai] = ±e±a, (i = 0, 1), [e±a,,e:faj] = Sij[ha,] = 0, 1), 

[e± an (^±ao]qT (^±ao]qj ^±ao]q 0) 



where [/i] = i Pi^ao,i) — 0? p(c±ao,i) = 1 ^-J^d q-supercommutator is 

defined in the following way: [e^, ey]g = e-yCy — (— l)^^^T^^*^^T'^g('''''''')eye^, = 
e*"^ 2 . The corresponding coproducts are: 

A(/la . ) = /la . (g) 1 + 1 ® /la . , A(ea . ) = 6^ . ® + 1 6^ . , (56) 

A(e_a.) = e_a, ® 1 + q'^'^i ® e_a.. 
The associated universal R-matrix can be expressed in such a way [21]: 

R = irR = KR+RoR-, (57) 

where 



i?o = exp((g - q-^) J2 d{n)en5 O e_„5). 



(58) 



n>l 



n>0 
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and R is usually called "reduced" universal R-matrix. 
Here 



= exp(_^_i)(^(7)(g - q-^){e^ ® e_^)), d{n) = ""^^f (59) 
= i/ 7 = 71(5 + a; (-1)"-^ i/ 7 = n5 - a}. 

The generators e„5, en5±Q, are defined via the q-commutators of Chevalley gen- 
erators, for example: = [eco, e^Jg-i and e_5 = [e_oj, e_Q,(,]g. The elements 
en<5±a are expressed as multiple commutators of eg with corresponding Cheval- 
ley generators, ones have more complicated form [21]. 

We have found the evaluation representations ps of Cg(2)(^) which we have 
called "ospq(l|2)-induced" because each triple /i^i, e^., e_Q,. forms an os'Pg{\\2) 
subalgcbra and their representations arc irreducible in p^. The representations 
are 4s + 1-dimensional, where s is an integer or half-integer. Labeling the vec- 
tors in the representation space as |s, /) where I — —s,—s — 1/2, we can 
write an explicit formulae for the action of the Chevalley generators on these 
vectors: 



hai\s,l) = —hao\s,l) = 2l\s,l) (60) 

A-^e«Js,/) =c[s-/][s + / + l/2] + |s,/ + l/2), s-leZ 

A-^e«Js,/) =c[s-/] + [s + / + l/2]|s,/ + l/2), s-/eZ+l/2 

Ae_Q,Js, /) = |s, / — 1/2), s — I E 'Z 

Xe-aAs, I) = -\s, I -1/2), s-leZ+1/2 

X~^eao\s,l) = \s,l -1/2), s-leZ 

X~^eao\s,l) ^\s,l -1/2), s-leZ+1/2 

Ae_«Js,0 ^ c[s -l][s + I + l/2] + \s, I + 1/2), s-leZ 

Ae_«o|s,0 = -c[s - l] + [s + I + l/2\\s, I + 1/2), s-leZ + 1/2, 

where [x] = ff^, [x]+ = fi^, c = ([1/2]+)-^. 

We also note (this will be important in taking the supertrace) that we 
choose the highest weight \s, s) to be even. 

The representations pf of Cq{2)^'^\ which play also a crucial role in the 
construction of the Q-operators (see Sec. 3) are infinite-dimensional and their 
explicit form is similar to that of (60) but with I going from s to —00. 
From a point of view of the ospq{l\2) subalgebra, generated by the triple 
{^01160116-01} these representation look like Verma module for ospq{l\2) 
with the highest weight \s,s). One can easily obtain that Ps representations 
arise from the factor of two infinite-dimensional representations of p'^-type: 

® 2 
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Appendix 2 



The product of two A-operators (25) can be rewritten in the following form: 



A+(A^)A„(A/i-^) = (61) 
Z4P)-'Z4P)-'str^^^^_e'^'^{L+{Xi^) ® /)(/ ® L_(A/x-i)), 

where /i = q^^^ and H = H®I — I®H. 

By the fundamental property of the universal R-matrix: (A®/)R = R^^R^^ 
to rewrite the tensor product of two L-operators from the previous formula in 
such a way: 

(L+(A/x)®/)(/®L_(A/x-^)) = (62) 



where 



= ® q ^ + I ^ n V_ = a_ + /3-, (63) 
Cqi = ® q^ + I ® A*~^£+ = Q!+ + 

q;±, /3± and H satisfy the following commutation relations: 



a^^Pa^^-q^'^'Pa^^a^, «±] = Tq;±, [n,P±]^TP±, (64) 
q'/'a_a^ + q-'/'a+a_ = q'/'(3+(3. + = 

Let's choose as x± (22) the highest weight representations of the q-oscillator 
algebra (21) with highest weight vectors |0)± such that: 



X±mO)±=0, X±(£±)|0)± = 0, X±(4)|0)± = |fc)± (65) 

The tensor product of these modules can be decomposed in the following way: 
X+0X_ = ©m=oX*'™'\ where x*^™^ is the space spanned by the following vectors: 



\xt^) = («+ + - vP+riO)-, ® |0)- (66) 

where 7] takes such values when \Xk^^) are linearly independent. It is easy to 
see how H and act on these vectors: 
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n\xt^) = -(m + k)\xt^), e-.Jxr^) = \xtA) (67) 
The action of e^^ is more complicated: 

ea, Ixf^) - s)\xt\) + K^, ^)lxi"^"'^) (68) 
where 

a(Z,s) = c[s-Z][s + Z + l/2]+, s-ZeZ (69) 
a(Z, s) = c[s - + + I + 1/2], s - Z e Z + 1/2 

and k = 2(s — /), the coefficients b{l,s) can be calculated but we don't need 
them in the following. The elements Ae^i ^ and H acting in the space spanned 

by Ix^*"^) for any constant m coincide up to a constant shift in Ti. and shift in 
the "to— 1-direction" of Ae^i ^ action coincides with action of the corresponding 

Chevalley generators in the infinite dimensional evaluation representations 
(60). When wc take the trace in (61) there is no contribution of shift in "m — 1- 
direction" and the constant shift in Ti action can be easily calculated, that 
is: 

oo 

str^,^^_e^''''{L^{Xfi) ® L.{X^^-')) = ^ {-1)^6^-'^-^'-^^ tt{X). (70) 

m=0 

Now recalling the definition of Z±[P) we find that in chosen highest weight 
representation 



Therefore, 

A+(g^+iA)A_(?-^-iA) = 2cos(7rP)e-^'^^^(^+i)t+(A). (72) 
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